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62E8207 

A PROGRAM FOR THE STATISTICAL ANALYSIS OF 
DEFECTS IN NONSTOICHIOMETRIC METAL OXIDES 

by 

A. J. Strecok and L. M. Atlas 

I. INTRODUCTION 

In a nonstoichiometric metal oxide the point defects (e.g., vacancies, 
interstit ial ions, and localized electrons or localized holes) are generally 
not arranged in a perfectly uniform pattern. At any instant, therefore, the 
local mean spacing between defects and the resultant energy of a single 
defect vary with position. Averaged over a period of t ime, the defects in 
an equilibrium assembly have a character is t ic distribution over the possible 
range of spacings and energies. The form of this distribution may be 
determined approximately with a stat ist ical system that divides the spacing 
and energy ranges into discrete levels by means of a control integer (the 
spacing parameter ) . The required computations and the estimation of 
certain thermodynamic quantities from the results are governed by a pro
gram described in the succeeding sections. 

Let a crysta l that contains an assembly of like defects be divided at 
any instant into small cells , each containing one defect. In a given cell, the 
nicLximum number of lattice points that can simultaneously acconrimodate 
defects is the spacing parameter . This number is a measure of the cell 
volume and therefore of the local mean defect spacing. A set of spacing 
subclasses may be established by assigning to the spacing parameter a set 
of integer values: C, C-1 , ..., C-i, .... C-L. Each integer generates a 
corresponding level of energy: eo, £] C^, ..., £]_,. and each level contains a 
fraction y^, y,, ..., yj y , of the total number of defects. 

In ionic crysta ls two assemblies of defects commonly coexist in 
mutual compensation. If a compound is hypostoichionnetric, anion vacancies 
(or interst i t ial cations) may occur together with cations oi lower than normal 
positive charge. If it is hyperstoichiometr ic , cation vacancies (or inter
stitial anions) may coexist with cations of higher than normal positive charge. 
Subscript A hereafter designates either vacancies or inters t i t ia l ions, and 
these are called type A defects (by assumption, both are not present 
together in comparable numbers except near stoichiometry). Subscript M 
denotes cations of abnormal positive charge, hereafter called type M defects. 

Each of the two coexisting defect assembl ies is given its own set of 
spacing p a r a m e t e r s , Cy^ - i and Cw - i; these define the spacings between 





type A and type M defects, respectively. Since the two types of defects 
interact, each spacing parameter now embraces more than one energy level. 
Specifically, a two-assembly system involves Cj^C^ possible levels. This 
large number can be reduced to Cj^ + Ĉ ,̂  by an idealization that over
simplifies the conditions in a real defect solid, but gives useful resul ts . ' '^ 
The assumption is that despite the interactions between the two types of 
defects, each type is arranged independently on its own set of lattice sites. 
The present p rogram embodies this assumption in the computation of the 
defect distributions in two-assembly systems. 

II. DISTRIBUTION EQUATIONS AND DERIVED 
THERMODYNAMIC QUANTITIES 

A. Distribution Equations 

Equations for the distribution of two assemblies of defects, each on 
its own sublattice, have been developed in Reference (1). A simplified set 
of distribution equations consists of 

(i = 0. 1 L ^ ) ; (la) 

(lb)* 
\6/5 

1 

1 + ( c ^ - i ) y, - I ( C M - J ) y] 

w ^ = = — ^ ; (ic) 

I v i 
1=0 

C M 

4^|X|; (Id) 
^M 

'"'^*-'-'"^*"-T^*|(^)'"('-^)-° 

(i = 0, 1 LA. ) : ( l e ) 

Thir U i mora aceurste ansrrv relation than is given in Reference (1). 
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(If) 

w 

A + ( C A - i ) Xj - Y. ( C A - J ) X. 
A j = o •' 

C A - ' 
( Ig) 

Z Xi = |X| . (Ih) 

The v a r i a b l e s X, T, Z ^ , Z j ^ , UQ, EQ, y, , x-, and A in E q s . (1) a r e defined in 
Table I; they r e p r e s e n t p h y s i c a l p r o p e r t i e s of the s y s t e m at e q u i l i b r i u m 
and, as such , should be d i s t i ngu i shed f rom the c o n t r o l i n t e g e r s CA> C W , 
LA> and L j ^ . C ] ^ d e t e r m i n e s the m a x i m u m nunnber of e n e r g y l e v e l s to be 
c o n s i d e r e d , and s e t s the lower l i ini t of | x | for which E q s . (1) wi l l be 
app l i cab le . Spec i f i ca l ly , 

|X| ( m i n i m u m ) = l / C 
M- (2) 

TABLE I. Variables Appearing in the Output and Their Definitions 

Program Name 
Variable Designation 

in Eqs. (1) and (S) Definition of Variable 

EZERO, UZERO 

SON 

EN 

T 

CM. CA 

A 

FRACTION* 

DFRACTION/DX* 

°ON 

T 

Cfc/. c . 

y ; . X; 

d l x l ' d l x ] 

Absolute nnagnitude of the charge (in unita of e lectron 
charge) on a defect of type A or M relative to the 
approprian normal s i te . 

The i inal les t accountable repulsion energy (in cal) on 
a single defect of type M or A. 

The standard entropy (in eu) of oxygen gas (molecular 
when N = 2 and atomic when N = 1). 

A constant that establ ishes the reference state of the 
gas as being either atomic (N = 1) or moleculmr (N = Z). 

The deviation (in gram-atoms) of the composit ion 
from stoichiometry (always expressed in t e r m s of the 
oxygen content). 

Temperature (in **K). 

The spacing parameters for defects of type M or A. 

The total number of locations available at one t ime 
for occupation by type A defects divided by the 
corresponding nximber for type M defects . 

The fraction of the total concentration of the type M 
or A defects that occurs in leve l i at equil ibrium. 





TABLE I (Contd.) 

Variable Designation 
Program Name in Eqs. (1) and (5) Definition of Variable 

'^M' ^A 

Z ViEi i=o 

The value of X derived from £ (Vn/x) * • distinguished 
from the input value. """ 

The chemical potential of interaction (in cal) for the 
type M or A defects divided by 1.987T. 

The energy (in cal) involved in forming a gram-atom of 
type A defects together with Zpjz^j^ g r a m - a t o m s of 
type M defects (all at infinite dilution), plus a c o r r e 
sponding increase or decrease in the oxygen content of 
the gas phase. 

The energy (in cal) involved in the pairwise interaction 
of a mole of defect pairs , each consist ing of a type A 
and a type M defect. 

The total energy {in cal) derived from repulsions among 
Z /Z ' gram-atoms of type M defects . 

JT xjUj 
The total energy (in cal) derived from repulsions among 
1 gram-atom of type A defects . 

S C A I <i:U The concentration (in moles per | x | gram-atoms of 
type A defects) of the defect pairs descr ibed in EAM. 

SONM, HONM. Sj^ , H?!? , F J ^ 
FONM ^^ ° N O N 

P(ON) 

S E ( = 4 S ( ~ + S V ) 

The relative partial molar entropy, enthalpy, and free 
energy of oxygen in the solid (in eu or cal) referred to 
either atonnic oxygen gas {N = 1) or molecular oxygen gas 
(N = 2). 

The partial pressure in atmospheres of atomic oxygen 
(N = 1) or n:\olecular oxygen (N = 2) in the gas in 
equilibrium with the solid. 

±NSM and tNSA (the sign corresponds to the sign of X) 
are the separate composit ion-dependent conftgurational 
contributions (in eu) to SONM of the type M and A defects . 

NS^ is the net contribution to SONM of configurational 
t erms that are independent of X(Sf-), and vibrational 
t erms derived from the introduction of oxygen into the 
solid (Sy). 

•These variable names apply to the type M defects in the first output block and to the type A defects 
in the second block. 

The summation limit L>^ sets the upper limit of |X| as follows: 

1 
|X (maximum) 

*̂ M • ^M (3) 

file://n:/olecular




For consistency in the definition of the ground levels of repulsion 
energy, UQ and EQ should be set equal, whereupon the following relations hold: 

' M I T ^ I (4a) 
-M 

and 

'M 

6 

Â = ^^M{T7 ) • e^b) 

When a set of values is specified for X, T, Ej,, UQ, A, Cw, C A . L W , 
and L A , the program uses Eqs. (1) to compute the equilibrium values of 

aM*andaA*; (Vo/W^) (VLj /w^?^) ; y,, yL^^; (x^W^) 

(XL / W L ); and Xp, ..., xj^ In addition, the program calculates the 

derivatives by./b\x\ and S x . / d | x | . 

B. Thermodynamic Quantities 

Results obtained from the solution of the distribution equations may 
now be applied to the calculation of thermodynamic quantities. It is assumed 
that the oxygen:metal ratio in the solid is altered only through the exchange 
of oxygen with the gas phase (i.e., the partial p ressu re of oxygen (P(Oj>4)) 
must be high compared to that of the metal or of any metal oxide molecule). 
Regardless of whether the type A defects are in the anion lattice (as in 
UO,, ) or in the cation lattice (as in Fe. O), the total number of cations 

2 T X ' 1 - X 

in the system is taken to be constant, while the number of anions is allowed 
to vary. However, differences of crystal volume arising from the gain or 
loss of oxygen is assumed to be a factor that may be neglected. When the 
distributions are computed prior to the thermodynamic calculations, the 
defect s t ructures typified by the compounds above must be carefully d is 
tinguished or an incorrect value of the constant A may be used in Eq. (Ig). 
In certain cases , solving Eqs. (1) with different values of A and comparing 
the calculated thermodynamic quantities with known experimental values 
may provide evidence supporting one defect s t ructure over the other. 

Thermodynamic quantities of interest are the relative part ial molar 

entropy ( S Q ), enthalpy ( H Q ), and free energy ( F Q ) of oxygen in the solid. 

Here, N is either one or two depending on whether atomic or molecular 
oxygen gas is chosen for the reference state. The appropriate relations a re 





S ^ = ±1.987N I dwf"'CM-i)-i":;JfMc^,-i) ^ i„|, ._^j / ,c^. j ) 

^ N S E - S ° O ^ ; 

I ^ | i n ( C A - . ) - ^ n - ^ M C A - i ) X ^ " ( ' - ^ ) / c A - i ) i 

(5a) 

< = ™ E ^ + 8 C A | X | | ^ J - | ; - E A M + E , 
0 h d|x| I C M - I 

1=0 ^ 

>/s 

Uo Z 
_dx^ 
dlxl 

C A 
6/5 

(5b) 

F O ^ = 1-987T in P ( O N ) = H^,^ - T S ^ ^ ; 

S E = ±Sc + Sy. 

(5c) 

(5d) 

Table I. 
Definitions for the variables Ep , S A M ' ^ C "̂*^ ^V appear in 

In Eqs. (5), (+) corresponds to either an excess of anions or a defi
ciency of cations, and (-) to the opposite set of conditions. The program 
uses (+) when the input value of X is positive and (-) when X £ 0. 

Given relevant pa ramete r s , the program determines E A M ''"d Ep 
from known values of F Q , using the corresponding solutions of Eqs. (1) 

and (5) at two sets of X and T values. These two sets may include the 
same temperature , but must contain distinct X values. 

After E . . « and Ep have been determined, Eqs. (5) a re used to cal

culate S Q , HM,^, F ^ , and P(Oi> )̂ for each input value of X at each input 

temperature (the corresponding value of S Q must be supplied). The 

number of X and T values to be processed are denoted respectively by 
NOX and NOTEM. 





III. OPTIONAL PLOTTING OF S ^ , H Q ' , AND F ^ 

The p rogram is capable of producing graphs for S ^ , H Q , and F ^ 

as a function of X, using a DD-80 film unit or the CALCOMP 580. If this 
plot option is exercised, the resul ts have the scaling 

-140 £ sM ^ 0, 
WJsJ 

-260000 s H J V - 0, 
' O N 

and 

-180000 £ F ' ^ 
O N ^ "• 

Each curve represents behavior at a particular temperature; it con
sists of line segments joining points computed from the set of X values on 
CARD TYPE 5 (see Section IV). 

A control block of input cards, which precedes the data, directs the 
plotting. Unless plotting is not desired (when the block comprises a single 
blank card), the following four cards are required: card 1 contains a single 
digit grea ter than 0 in column 3, and cards 2, 3, and 4 contain labels associ
ated respectively with the curves for Sjv , Hr? , and Fr\ • 

A SCOPE control card selects the destination of the graphs: 
« 

EQUIP,5=SV causes the results to be put on a magnetic tape 
that is then sent to CALCOMP for processing. 

EQUIP,15=TV causes the results to be processed directly by 
the DD-80 film unit. 

The CALCOMP-DD80 compatibility subroutine PRD-21-6 controls 
the graphs and must be included with this program. 





IV. DATA INPUT CARDS REQUIRED 

Following the plotting control cards described in the preceding sec
tion is a data card block consisting of 

Contents of Card 

N. Z A ' Z M . Sp, A 

OM- ^A- O A ' LA 

^ O N ' ^ O N ' ^ ' ^ ' ^O' ^0 ( ^ ° *^'*' ' ° 
be used for the calculation ol Ep- and 
EAM) 

NOX, NOTEM 

X values, 6 to a card, or less on the 
last card (NOX distinct numbers must 
be supplied) 

T values (NOTEM distinct numbers 
must be supplied) 

Card 
Type 

1 

2 

3 

No. of 
Cards 

1 

1 

2 

Format 

5D12.5 

413 

6D12.5 

1 

rNOX+5 

NOTEM+5 

NOTEM+5 

213 

6D12.5 

6D12.5 

6D12.5 
•^N 

values (one for each T value on 

CARD TYPE 6, and listed in the same 
sequence) 

See Table II for a listing of sample input values for CeO _y [Refer
ences (1) and (3)J and UO^.j^ [References (2) and (4)]. 

Program 
NWM 

X 

T 

EZERO 

UZEDO 

A 

CM 

CA 

iM 

VirUM* In 
Eqi. ID •nd (SI 

X 

T 

k 
"o 

A 

CM 

CA 

LM 

TABU II. 

SampI* Vatuts 

Crtl-x'" 

-am k -0.3* 

•lO» uan 

uooiD sou 

KUkSOOD 

2 

30 

60 

a 

UOj 

S^fflpl* VlluK ol RquirM Input Dill 

.x"' 

a u k a n 

107) k itar% 

xm 

xm 

1 

» 
X 

a 

PrugrMi 

LA 

N 

SON 

Si 

FONM*' 

FWW** 

ZM 

ZA 

Virimi* in 
Eqs. I l l M W O I 

1A 

N 

^ 
S( 

<" 

c z» 

ZA 

Sm,l« VHufs 

CO?.,'" 

S6 

! 
».l k OJ-

) k « " 

^uoomiiiw* 

•71101 |.<L Ob. 14tt 

1 

1 

IOJ.K" ' 

a 

2 

SUktZ.2-

I2.t b H I ' 

-umicu.ani 

•4Sna Hioa».i373i 

1 

1 

•See fiHerence (51. 
**Tht value 0 MS used in RHercnct Ul. (wl caKulabons tfescrital in Reference Cl suggest that a nSrational amsonflnt tt atout 4 « u U 

tie a twtter apprwimelton. 
tThcsc vsluts consist ot a composition-independert configurational quantity amounlinq to L W U n 12 * t\ V plus a « 

nrylnq betwwn I S and K1.^ 
* These t«o known values ot FONM are required tor the cakulabon ol EF and EAM. 
*TMs Is an Mtrevutnn lor -96.300 cal al X • -<LI and T • I M T X 





V. OUTPUT PRINTED BY THE PROGRAM 

There a re two types of printed output: 

(1) Labelled values for the input variables FQ* , N, Sp. A. Z^ , Zj^, 

Eo. U„. S°Qĵ , X, T, C ^ , C^; 

(2) Labelled values of the calculated variables XF, a, y; or x-, 

" S % °'" " ^ ' ^ i /^ i - ^ F - EAM^ S M . S A . S ^ ^ , F M ^ . P ( O N ) . 

HM , NAM, NAAU, NMME. 
O N 

Symbols not defined previously are explained in Table I. 

If a plotting option is chosen, the values |X|, S Q , H Q , and F ^ are 
printed for each point of the plot. 

VI. METHOD OF SOLVING THE DISTRIBUTION EQUATIONS 

Since Eqs. (la) through (Id) have the same basic structure as (le) 
through (Ih), both sets can be expressed in the general form 

L 

£ n ( c - j ) - £ n Z l + a - ^ + y - ^ i n f l - - ^ ) = 0, (j = 0.1 L), 

A + (c - k) y,, - ^ ^ (c - m) YmJ / ( '= " 1̂ )' 

and 
5k 

L 
Z Yn = X|X|. 

n=o 

If S; = (c - j) Sj and Y; = (c - j) y;, these equations can be rewritten 

in (c - j) - ^n _ i + a ^ + (c - j) ) = 0. 

So = A, 

k-i 
Sk = A - 1 Y ^ , 

m=o 
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and 

Y Y n / ( c - n ) = X|X| . 

C o n s e q u e n t l y , Y. = S. - S , and 

. e n ( c - j ) - i n (1 - _ ^ ) + a - i _ + (c 
^j / ( c - j ) " ' «I 

k=j 
( c - k ) 

0. (6) 

and 

If f. r e p r e s e n t s the left s ide of Eq. (6), then 

( c - j ) f j . , - ( c + l - j ) fj = 0 

( c - j ) in (c+ 1 - j ) - ( c + l - j ) in ( c - j ) - ( c - j ) 

+ (c+ 1 - j) i 

+ ( c - j ) i n - ^ = 0 

\ Ĵ / l ( c - j ) ' / ' (c+l-j)'^^J 

(6a) 

for j = 1 ,2 L. 

If g. r e p r e s e n t s the left s i de of Eq. (6a) . t h e n ( g j . j - g j ) / ( c + 1 - j ) = 0 

y ie lds 

A l E j + 2 ,„(..J.).,„(..i .). ,„|j.. ,„(.-|a) 

- - i £ n ^ ^ = 0, 

w h e r e 

c + l - j " S j . , 
(6b) 

A l E j = i n ^ \ 7 ^ - ^ ' + ^ [ - ( 0 + 2 - j ) - ' / ^ + 2 (c+ 1 - j )"^ '^ - (c - j ) " ' ^ ' ] , 
J (c+ 1 - j) L -* 

for j = 2, 3 L. 





By setting j equal to L and assuming a numerical value for S j . / S , 
we may solve Eq. (6) for a. Introduction of this result into Eq. (6a) deter
mines Sj^/Sj^.,; the remaining values of S^/S;., (for j = L - 1, L - 2 2) a re 
then obtained from Eqs. (6b). Finally, on the basis that Y- = S: - S;^.,, 
L J J J 
Y, Y,y (c - n) is calculated and compared with X|x| . This procedure is 

n-o 
repeated in a bisection search that s tar ts with a value of S, / S i in the •̂  L+r L 

L 
interval (0, 1), and continues with new values of the ratio until Y Y / (c - n) 

n=o 
approximates X|x|. 

After the distribution equations have been solved for y., the progrann 
proceeds to evaluate d y y d | x | = y'. (hereafter, prinnes indicate differentia
tion with respect to lx | ) . 

Equations (6) and (6a) imply 

{ - i n Y ^ + a + i n S ^ ^ J ' = 0 

and 

| - ( c - j ) in Y._j + (c+ 1 - j) Cn Yj - in Sj - a j = 0, 

or 

{-in Y L + i n S j ^ j - ( c - j ) in Yj.,,+ ( c + l - j ) in Yj - in Sj} = 0. 

(6c) 

j 
Since Sj - Sj^., = Yj, it follows that SQ - Sj^, = Z Y^ and Sl^^ = 

- Y Y' . Carrying out the differentiation of Eq. (6c) and replacing S' , by 
k=o ^ ' 

the equivalent summation t e rm give 

- ( ^ L A L ) - I ( V ^ L + j - ( C - J ) ( Y ; . / Y J . , ) + (c+ I - J ) ( Y / Y . ) 

k=o 

for j = 1, 2 L. 
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The following condition must also be obeyed: 

L 
Z Y;,/(c-n) = X. (6e) 

n=o 

It is now possible to determine Y| from the system of L + 1 linear 
equations represented by Eqs. (6d) and (be). 

VII. SUGGESTIONS FOR ACCURACY CHECKS 

In general , agreement between the left and right sides of the equa-

^k 
L 

tion Z Yi, " -^l^l is not exact even when 25 decimal figures are used in the 
k=o 

approximation for S j , / S ^ . This is a result of roundoff e r r o r s and the 
large number of equations commonly involved. The value for | x | that 

L 
appears in the printout with the label XF represents Y Yr/^ A comparison 

n=o 
of XF with the input value of |x | provides an estimate of the accuracy of the 
results . 

The accuracy of y. and dyVSlxl can be checked by calculating thenn 

for a set of closely spaced X values (keeping the other paranneters fixed); 
AyVAlX] may then be compared to the corresponding true derivative. 

VIII. PROGRAMMING NOTES 

Because of the possibly large number of equations and the high prob
ability of large truncation e r r o r s , this program is designed for double p rec i 
sion accuracy. If double precision is not required, the 5 cards that define 
TYPE DOUBLE should be removed and all references to DEXP and DLOG 
modified to EXPF and LOGF. In addition, all format specifications involving 
D type conversions should be changed to the corresponding E types. 

If the plotting capability is not needed, the code can be started at 
statement 1001, and ended after statement 42 as follows: 

P0N = ... 

PRINT 4006, .. 

X EAM.EF 

INDEXY = INDEXY+1 

IF (INDEXY-N0X) 43,43,46 





43 XC0MP = XST0 (INDEXY) 

G0 T 0 4 

46 ITC0 = ITC0 + 1 

IF (ITC0-N0TEM) 41,41,47 

47 CALL EXIT 

END 

Format s 4007, 4008, 4009, and 4010 can then be eliminated, and the 
control block preceding the input data cards can be ignored. In addition. 
ARRAY (1000) is not needed and the PRD-21-6 plotting subroutine can be 
omitted. 

The block of code beginning with 

C SOLVE SIMULTANEOUS EQUATIONS THAT DETERMINE 
DERIVATIVES 

and ending with statement 2015 is logically equivalent to the routine 
MATINV, ANL F402. 

This code is designed to operate with the CDC-3600 computer. 
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CODE LISTING 

PR0GR4H £ 9 2 0 7 

C 4 PROGRAM FOR THE STATISTICAL ANALYSIS OF DEFECTS IN NONSIOICMIOMET«IC 
C KETAL OXIDES 

DIMENSION a i ' » 9 , 9 9 l , U l l > 9 l , X ( I C 0 I , I A ( 9 9 I , 1 B I ' > ' > I , M P ( < ) < > I . W L C J I I , 
x r f ( l O 0 l , » H ( l O 0 J , T S I l O 0 ) , A l E l i ! 9 l , C L N 1 9 9 l , C O N ( 9 9 ) , B A S I 9 9 l , L A l ( 6 l , 
X L A 2 l b l , L A J I b l , R 0 0 ( 9 9 l , R O N I 9 9 l , S A T I 9 9 I , T 0 S I 9 9 I , C L 0 0 I 9 9 I ,CLOG I 9 9 ) , 
X T S T 0 C 9 9 I , V E C S ( 9 9 I . < E C » I 9 9 I , 1 , E C Y I 9 9 I , X S T 0 I 1 0 0 I , 4 R R A Y C 10001 

TYPE DOUBLE B . U , ^ L , A l E , C L N , C C N , R A S . a O O , R O N , S A T , Y O S , C L O O , C l O G , T S I O 
X , V E C S . V t C Y , H E C y , X S T O , A , E , P . T , » , A N , A I , E F , E N . E S . G H , i L . S A , S t . S M . S R . 
XTB.TE . T l l , 2 A , 2 M , C O B , C V N , E A M , E N A , P O N . S F R , S O N , r E E . XUM.C ANT , CLAa , 
XCORN,ENAA,ENAM,ENMM, fONM,HONM,SEAl ,SEA2 ,S lNX ,SOMN,YACS. ;£»0 ,ALPHA, 
XCEVRl .EZtRO.HCOMP.UZERO.xCOMP 

".OOO FORMAT 1 6 0 1 2 . 5 ) 

4 0 0 1 FORMAT I 7 H U A = F 1 8 . 9 / 7 H O ; M . F I S . 9 / 7 H 0 E / E R 0 ' F 1 9 . 9 /7HOU2ERO-F 1 8 . 
X 9 / 7 H 0 S 0 N = F 1 9 . 9 / 7 M 0 X » F i e . 9 / 7 M T ' F i t . 9 1 

4 0 0 2 FORMAT I 2<,1 3) 
'lOOJ FORMAT 14H C M = I 3 , 6 H C A « 1 3 I 
t o e FORMAT 1 3 0 3 8 . 2 ' . ) 
4005 FORMATI 'O X F » « D 3 a . 2 » / « 0 A L P H A « » D 3 8 . 2 « ) 
4 0 0 6 FORMAT (6H0X > F 1 9 . 9 / 6 H T " F 1 9 . 9 / 6 H SM - F 1 9 . 9 / 6 H SA • F 1 9 , 9 / 6 M 

X SE = F 1 9 . 9 / 6 H S a N M > F 1 9 . 9 / 6 H FUNH>F 1 9 . 9 / l ' > H - L O G I P O N l / N * e i 9 . 9 / 6 M 
X H 0 N M = F 1 9 . 9 / 6 H NAM = F 1 9 . 9 / 6 H N A A U ' F 1 9 . 9 / 6 N N M M E * F 1 9 . 9 / 6 H EAM • F 1 9 . 9 
X / 6 H EF = F 1 9 . 9 I 

4 0 0 7 FORMAT ( 6 A a ) 
4 0 0 9 FORMAT H I P L O T X , S U M 2 . H 0 2 H , F C 2 M « I 
4009 FORMAT I4F20.}) 

4010 FORMAT !• SCALED TO'I 

4011 FORMAT l-l"! 

4012 FORMAT (•lF0NM=»D3e.24/» N»«D38.24/» SE««0J8.24/» A>*D38.24) 

4013 FORMAT I16X,"FRACTION*.28X,»C FRACTlON/DX*,29X.'RAH 0"I 

4014 FORMAT (• EF.EAM'l 

READ 4002,IPL0T 

IF IIPLOTI 1001.1001.1000 

1000 READ 4007,(LAIIK).K>1.6I 

READ 4007,ILA2IKI.K>1,6) 

READ 4007,(LA31K1.K.1.6) 

CALL PLOTSIARRAY,1000,15) 

1001 ZERO-O 
u*l 
T M < 2 

001K=1,99 

CONIKI'E=K « 

A>U/E 
R0N(K)'A><1.2 

1 CLOG(K)=CLOG(E) 
D02I-2.98 
CL0DIII=CLOGII»l)-IW»CL0GII)»CLOG(I-ll 

2 R O O l 1 ) « - R O N ( I « 1 ) * T U « R 0 N I I ) - R C N I l-l) 

CVN=1.987 
HCOMP = OEXPI-CONI23l»CLOC{10l I 

YACS=1000000. 

MUMP=-1 
C AT SYMBOL IN THE CODE CORRESPONDS TO A IN EQUATION IG 
C MN^CM, LHON>LM, M2=CA, LTMO-LA 

REA040OO.EN.ZA,2M,SEiAT 

R E A D 4 0 0 2 . M H , L H 0 N , M 2 , L T H 0 

CLAH=-CLCG{10)»EN 

3 READ 4000,SON,FONM,xCOMP.T.EJEROtUZERO 

PRINT 4012.FONM,EN.SE,AT 

4 PRINT4001.2A,ZM.E2ERO,U2ERO,SON,XCOMP.I 

PRINT4003,M|.,M2 
CORN=CVN»T 

CANT=E2ER0/C0RN 

COB = 2A/7l« 

ENA-8>M2 

ENAM=XC0PP»ENA/C0P»»2»TW/AT 

M1=MW 

L E E = L B 0 N 

SINX=M 

VECSI D ' M 

JUMP=-1 

IF(XC0MPI5,5,6 

5 SINX^-W 

XCOHP — X C O M P 





ENAM=-ENAM 

C START SOLUTION OF EQUATIONS 6 
6 TEE=CANT/R0NIM11 

HlM-Ml-1 
M1P=M1.1 
007J=2,M1M 
ME-MIP-J 

A1E(J)»CLOO(MEI»T£E«ROD(ME) 
7 CLN(J)=-C0N(ME-1)/C0NIME ) 
8 Ll«LEE 

LlP«Lltl 
M-Ml-Ll 
SFR»CLOGIMI-TEE»RON(M) 

SR—CON(H«l).SFR»CONIM).|CLOGIM»l)-IEe.RON(M»l)l 
GH = W 
GL-ZERO 

9 ES«(&L«GHI/TM 
10 LE'LIP 

C ES CORRESPONDS TO l-Y(L I/SILI-SIL«1)/SILP 
C RASIII CORRESPONDS TO SlIl/SII-l) 
C VOS(I) CORRESPONDS TO Y I I-1 I /S1 I-1) 
C RASII1»1-Y0S(I 1 
C V L i n CCRRESPONDS TO LN ( 1-YI I-l)/S( 1-1) ) 

RASILEI=E"£S 
YOSILEI"W-E 
VLILE)-CL0G1E) 
A--0LOG(Y0SILE)) 
ALPHA=-SFR-VLILE)-A 
LE=LE-1 
MU=Ml-LE 
TE=DEXP(l-SR<A.CON<MU«l)»ALPhAI/CONlMU)) 

11 AN'H«TE 
RASILE)"E"TE/AN 
Y0S1LEI«W/AN 
IF(AN-YACS) 13,13.12 

12 TE»V0S(LEI 
X U M « T E " 2 
VLILE)=-XUM/C0NI4)»(TMtXUM)-TE/C0N(15l»lIXUH>CONI3)'CONI5))»XUM»CO 

XNI 15) ) 
GO TO 14 

13 VL(LEI=CLOGIEI 
14 IF(LE-l) 16.16,15 
15 T E - Y 0 S I L E t l ) / Y 0 S I L E I » » 2 » D E X P I - A l E ( L E ) - C l N I L E ) > V L l L E l l 

L E - L E - 1 
GO TO 1 1 . 

16 XUM=2ER0 
0 0 17 K L ' l . L l P 
V E C S ( K L > 1 ) > R A S I K L ) < V E C S ( K L ) 
V E C Y I K D ' V E C S C K L l ' Y O S I K L ) 
U E C V I K L ) » V E C Y ( K L ) / C 0 N I M 1 P - K L ) 

17 XUM»XUM»WECY(KL) 
XUM=XUM/COB 
IFIXUM-XCOHPI 18,21,19 

18 GH<ES 
GO TO 20 

19 GL-ES 
20 IF((GH-GL)/GH-HCOMP) 21,21.9 

C END SOLUTION OF EQUATIONS 6 
C START DETERMINATION OF DERIVATIVES 

21 T E - - W / V E C S I L 1 P H ) 
DO 22 K6.1.L1P 
U(K6I=2ER0 

C RESCALE VL FOR LATER USE IN LOOP 3* 
VL(K6I-VLIK6)/C0NIM1P-K6) 

22 BI1.K6I>TE 
B11.L1P)"-M/VECYIL1PI»B(1.L1P1 
00 23 L8-1.L1P 

TE«BI1.L8I 
00 23 K8'2.L1 

23 BIK8,L8)<TE 
0 0 2 5 L l O - l . L l 
L Y . L I O * ! 
B ( L I O . L 1 0 ) - B I L I O , L 1 0 ) - C O N I M 1 - L 1 0 I / V E C Y I L I O I 
B ( L 1 0 . L Y l = B ( L 1 0 , L Y I » C 0 N ( M l P - L 1 0 ) / V E C Y I L r i 

T E - K / V E C S ( L Y ) 
DO 2 4 M O - l . L l O 

2 4 B I L 1 0 , N 1 0 I > B I L 1 0 , N 1 0 ) * T E 





lo 

25 CONTINUE 
UILIPI'CCB 
00 26 L9>1,L1P 

26 B(L1P.L9)=W/C0NIM1P-L9) 

C SOLVE SIMULTANEOUS EQUATIONS THAT DETERMINE DERIVATIVES 
N0IM=L1P 
CO 2000 J2000>1,NDIM 

2000 MPIJ2000)=0 
DO 2012 I2012<1.NDIM 
A-ZERO 
DO 2005 J2005"1,NDIM 

IF (MPIJ2005)-1I2001.2005.20C1 
2001 DO 2004 K2004>1,N0IM 

IF (MPm2004l-l)2002,2004,33 
2002 P'6IJ2005.K2004) 

If IIA-P).(A»P)) 2003,2004,200« 
2003 IR-J2005 

IC-K2004 
A«P 

2004 CONTINUE 
2005 CONTINUE 

MPIIC)=MPIIC)«1 

IF IIR-IC)2006.2008.2006 
2006 DO 2007 L2007»1.NOIM 

A'BIIR,L2007I 
Bl IR.L2007I'BlIC.L2007I 

2007 BlIC.L2007|sA 
A>UIIR) 
UIIRI-UtIC) 
UIICI-A 

2008 IAII2012I-1R 
181I2012)-IC 
A>eiIC,IC) 
BlIC,IC)>w 
DO 2009 L2009=1.NDIM 

2009 Bl1C,L20C9).BIIC.L2009)/A 
U( l O ^ U I ICI/A 
DO 2012 L2012°1.NDIH 
IF IL2012-IC)2010,2012,2010 

2 0 1 0 A - B I L 2 0 1 2 . I C I 
B I L 2 0 1 2 . I C I > Z E R O 
CO 2 0 1 1 L 2 0 U - l , N D I M 

2 0 1 1 B I L 2 0 1 2 . L 2 0 1 1 ) - e i L 2 0 1 2 . L 2 0 1 1 > - B I I C , L 2 0 1 1 ) * * 
U I L 2 0 1 2 ) - U ( L 2 0 1 2 I - U I I C ( » A 

2012 CONTINUE • 
DO 2015 12015.l.NDIM 
L2015=ND|M«1-I2015 
IF IlAIL2015l-lelL2015l12013,2015,2013 

2013 JR'IAIL2015I 
JC'IBIL2015) 
DO 2014 K2014.1,NDIM 
A.BIK2014.JR) 
BIK2014,JRI'BIK2014,JCI 

2014 BIK2014,JC)=A 

2015 CONTINUE 
C END SOLUTION OF SIMULTANEOUS EQUATIONS 

33 p.ZERO 
CO 35 L13«1,L1P 
MU'M1P-L13 
UIL13I»UIL13)/C0NIMU) 
E'ZERO 
00 3* M14.L13,L1P 

C VL WAS RESCALED IN LOOP ZZ 
34 E = E * V L ( M 1 4 ) 
35 P = P » I C O M M U | . E > C L O G I M U ) - D L O C I Y O S ( L 1 3 ) 1 ) » U I L l 3 ) 

SA»P«CVN 
PRINT 40C5 .XUM,ALPHA 
PRINT 4 0 1 3 
PRINT 4 0 0 4 . I H E C V I K L 5 ) , U ( K L 5 I , Y 0 S I K L 5 ) , K L 5 . 1 , L I P I 
ENAA=ZERC 
DO 36 M 2 0 1 » 1 . L 1 P 
L 8 . M 1 « 1 - M 2 0 1 
T 8 = R 0 N ( L e i 

36 ENAA=ENAA»UIM201)"T6 
ENAA^ENAA/RONIMl) 
IF IJUMPI 37,38.38 





1"̂  

37 JUKP=1 

ENMH>ENAA>EZERO 

SM'SA 

VECSII).AT 
LEE^LTHC 
>'l.M2 

COB-H 

CANT»UZERO/CORN 

GO TO 6 

38 ENAA=ENAA»UZERO 

SOMN«EN«ISINX.ISM.SAI«SE)-SOh 

XCOMP.XCCMP.SINX 

SEA2.|FCKM.T.S0MNI/EN»SINX-ENAA-ENMM 
IF IMUMP) 39,40,42 

39 SEA1=SEA2 

CEVRl=ENAM 

MUMP»0 

GO TO 3 

*0 EAM.|SEA1-SEA2)/ICEVR1-ENAM) 

EF»-CEVR1»EAM»SEAI 

PRINT4014 

PRINT 4004,EF,EAM 

MUMP'l 

READ 4002,NOX,NOTEM 

READ 400C,IXST0III,l=l,NOXI 

READ 4000,ITSTOII),|.1,N0TEM) 

READ4000.I SAT I I).I«1,N0TEMI 

ITC0«1 

*l T=TSTOIITCO) 

PRINT 4011 

1NCEXY=1 

XCOMP.XSTOIII 

SON.SATIITCO) 

GO TO 4 

42 H0NM=S1NX»EN«IEF»ENAM«EAM»ENAA»ENHMI 

FONM»HONK-SCMN«r 

P 0 N « F 0 N M / C 0 R N / C L A » 1 

P R I N T 4 0 C 6 , X C O M P , T , S M , S A , S E , S O M N , F O N M , P O N , H O N M , E N A M . C N A A , E N M H , 

X E A M , E F 

X I I N O E X Y ) . X C O M P « S I N X 

Y S I I N D E X Y ) > S O M N 

Y H I I N D E X ¥ ) " H O N M 

V F I I N O E X Y I . F O N M 

I N C E X Y . l N D E x y « i 

IF IINOEXY-NOXI 43,43,44 t 

•3 XCOMP=XSIOIINDEXY) 

GO TO 4 

44 IF IIPLCT.LE.OI G0T046 

PRINT 400S 

PRINT 4C09,IXIINI,YSIINI,YHIIN),YFIIN),IN'1,N0X) 

D045K=1,N0X 

X I K ) . 2 5 . » X ( K ) 

YSIK)=-YSIK1/14. 

YHIRI=-YHIK)/26000. 

•5 YF(KI=-YF(K1/18000. 

CALL AXISIO.,0.,LA1,-48,10.,C.,0...04) 

CALL AXISIO..O..IH ,l,10.,90.,0.,.ll 

CALL LINEIX,YS,NOX.1) 

CALL PLCTI20..0.,-3) 

PRINT 4010 

CALL AXISI0..0.,LA2,-4e,10. , C O . ,.041 

CALL AXISia.,0.,1H ,l,10.,90.,a.,.ll 

CALL LlNEIX,yH,NOX,II 

CALL PLCTI20.,0.,-3I 

PRINT 400 9,IX(IN),YSIIN),YH(IN),YFIIN),IN.1,N0X) 

CALL AXISIO.,0.,LA3,-48,10.,C.,0.,.04) 

CALL AXISIO.,0.,1H ,l,10.,90.,0.,.ll 

CALL LINEIX,YF,NOX,1) 

CALL PLCTI20.,0.,-3I 

•6 ITC0=ITCC»1 

If (ITCC-NOTEM) 41,41,47 

47 CALL EXIT 

END 






